The Transformed Eulerian-Mean (TEM) equations derived by D. G. Andrews and M. E. McIntyre are powerful tools for diagnosing the meridional circulation and wave-mean interaction in the troposphere and/or middle atmosphere. However, the TEM equations cannot properly treat the lower boundary and unstable waves. The Mass-weighted Isentropic zonal Mean (MIM) equations derived by T. Iwasaki are the equations that overcome those problems and are recently used for analyzing polar cold air outbreak. On the other hand, the MIM equations have not been extended to three dimensions (3D), especially for wave activity flux, although the TEM equations have been extended by several studies. The present study formulates the 3D wave activity flux describing wave propagation in the mass-weighted isentropic time mean equations. A dispersion relation for inertia-gravity waves and Rossby waves on those equations is also derived and used to relate the 3D wave activity flux to the group velocity. Finally, we use the European Centre for Medium-Range Weather Forecasts (ECMWF) Interim Re-analysis (ERA-Interim) data and report the comparison result of 3D wave activity fluxes between TEM and mass-weighted isentropic time mean equations.
Introduction
The wave activity flux in the transformed Eulerian-mean (TEM) equations is widely used to diagnose the wave activities and propagation in the meridional cross section (e.g., McIntyre 1976, 1978) . The wave activity flux was extended to three dimensions (3D) in the quasi-geostrophic, the Boussinesq and the primitive equations (e.g., Hoskins et al. 1983; Trenberth 1986; Plum 1985 Plum , 1986 Nakamura 1997, 2001 ; Miyahara 2006; Kinoshita et al. 2010; Noda 2010 Noda , 2014 Kinoshita and Sato 2013a, b) . However, the 3D-TEM equations have some limitations in terms of expressing the lower boundary (Tanaka et al. 2004 ) and unstable waves (Noda 2014) . Iwasaki (1989 Iwasaki ( , 1990 formulated the Mass-weighted Isentropic zonal Mean (MIM) equations that overcome those problems. Then, the MIM equations are used in the lower to middle troposphere to analyze polar cold air outbreak. On the other hand, the MIM equations have not been extended to 3D, especially for wave activity flux. Although Maddison and Marshall (2013) recently discussed on the 3D wave activity flux tensor in the thickness-weighted average with a general vertical coordinate, the flux tensor was derived on the Boussinesq hydrostatic primitive equation. Thus, their flux tensor is useful where the density variation is small. Note that the 3D wave activity flux derived in this study is based on the hydrostatic primitive equations (not Boussinesq).
Base on the above, in this study, the 3D wave activity flux describing wave propagation in the mass-weighted isentropic time mean equations is derived. The derived wave activity flux is compared to the 3D wave activity flux in the 3D-TEM equations (Kinoshita and Sato 2013b) using ERA-Interim data. In Section 2, the derivation of the dispersion relation applicable to both inertia-gravity waves and Rossby waves and the 3D wave activity flux are outlined. The comparison between the derived wave activity flux and the wave activity flux in the 3D-TEM equations are shown in Section 3. Conclusions are given in Section 4.
The 3D wave activity flux describing wave propagation on the mass-weighted isentropic time mean equations

The dispersion relation applicable to both inertia-gravity waves and Rossby waves
To derive the 3D wave activity flux describing wave propagation, which is applicable to both inertia-gravity waves and Rossby waves, the unified dispersion relation describing the nature of both waves on the mass-weighted isentropic time mean equations is obtained. First, we perform linearization of the mass-weighted isentropic time mean equations to obtain the dispersion relation and assume the following conditions.
• The amplitudes of perturbations are small in the basic state and are taken to be O(a), where a is a dimensionless amplitude parameter much less than 1.
• The magnitude of time-mean wind shear is as small as O(a).
• The perturbation components of zonal and meridional wind velocities are defined as the deviation from the mass-weighted time-mean wind velocities.
• The perturbation components of pressure and Montgomery stream function are defined as the deviation from their timemean state.
• Nonconservative terms including diabatic heating are negligible. The equations of motion and the continuity and thermodynamic equations for perturbations on the mass-weighted isentropic time mean equations are written as follows:
and  f 2 ). Thus, (11) can be considered as a unified dispersion relation for inertia-gravity waves and Rossby waves on the mass-weighted isentropic time-mean equations.
The modified wave activity density and 3D wave activity flux
In this section, The 3D wave activity flux describing wave propagation is derived by showing the relation between the flux and the product of the group velocity and the wave activity density. However, if the unified dispersion relation applicable to both inertia-gravity waves and Rossby waves is used to calculate the group velocity, the wave activity density needs to be modified (Kinoshita and Sato 2013b) .
First the wave activity density is written in terms of M ¢. Considering that perturbations of physical quantities other than v (10) also have a sinusoidal wave form in the meridional direction, (6) can be written as
Substituting (12) into (1) and (2), the wind perturbations are written in terms of M ¢ as (13) When the wave activity density is defined as the ratio of the perturbation energy to the intrinsic phase velocity, the wave activity density for the zonal momentum equation is written as
where
is the perturbation energy, and Ĉ (x) = ŵ /k is the zonal intrinsic phase velocity. Using the term obtained by reference from Kinoshita and Sato (2013b) , the modified wave activity density is written as (15) It should be noted that s( )
2 vanishes under the small Rossby number assumption which corresponds to Rossby wave condition or the constant Coriolis parameter assumption which corresponds to gravity wave condition. Next, by using the dispersion relation (11), the zonal, meridional, and vertical components of the group velocity are expressed as follows: (16) where u and v are the zonal and meridional wind velocities, respectively, f is the Coriolis parameter, M is the Montgomery stream function, p is the pressure, p S is the reference pressure, q is the potential temperature, R is the gas constant for dry air, k º R/C p and C p is the specific heat at constant pressure. The overbar ( ‾ ) and a prime ( ¢ ) express the time-mean and deviation from it, respectively. The overbar with an asterisk ( ‾ *) and double primes ( ² ) express the mass-weighted time-mean (A* º sA/s) and deviation from it, where s º −g −1 p q and g is the magnitude of the gravity acceleration. It should be noted that the terms including time-mean wind shear, which are excluded by the assumptions, are important to derive the energy equation (Iwasaki 2001) . This is due to the fact that all terms including shear terms are necessary to calculate the total balance of energy or wave-mean flow interaction. This argument is important from the stand-point of the interaction between the mean field and wave motion. In contrast, the dispersion relation is necessary to derive the wave activity flux describing wave propagation itself. To obtain the dispersion relation, we need to use the small amplitude and slowly varying mean flow assumptions (like the WKB assumption). Then, in our derivation, the time-mean wind shear is neglected.
These perturbation equations are derived from the difference between the original equations and the mass-weighted timemean equations and by replacing M − M * = M ² with M ¢. In the conditions that we assumed, the difference between M ² and M ¢ is the second order of perturbation and negligibly small
) although it is necessary to pay attention to the difference in the lower boundary.
Since the Coriolis parameter f depends on the latitude, perturbations u², v², p¢ and M ¢ that have the following form are considered:
(6) where k and m are the zonal and vertical wavenumbers, respectively, and w is the ground-based angular frequency. Substituting (6) into (1) and (2) and eliminating u² yields (7) where D* = − iŵ is used. Substituting (6) into (1), (3), and (4) and eliminating u² yields (8) where (8) and its meridional derivative into (7) in order to eliminate M , the second-order differential equation for v is obtained as (9) Finally, assuming the terms in the square bracket in (9) is slowly varying compared to the perturbation v, the sinusoidal wave form for v in the meridional direction is (10) where v 0 is an arbitrary constant, and l is the meridional wavemunber. Then, a dispersion relation for the mass-weighted isentropic time-mean equation is obtained (11) This is similar to the differential equation derived from Kinoshita and Sato (2013b) . This relation agrees with the dispersion relation of inertia-gravity waves when the Coriolis parameter is constant
The products of three components of the group velocity and W ¢ are written in terms of M ¢ as (17) These formulae should correspond to 3D wave activity flux like 2D-EP flux in the TEM equations. To obtain the 3D wave activity flux describing the wave propagation, we use the following terms that are written in terms of M ¢.
(18)
Finally, by reference from Iwasaki (1989 Iwasaki ( , 1990 and Kinoshita and Sato (2013b) , and using (18), the 3D wave activity flux describing wave propagation is expressed as follows: (19) It should be noted that the vertical component of the 3D wave activity flux is different from that of the 2D wave activity flux in the zonal mean state derive by Iwasaki (1989 Iwasaki ( , 1990 . The difference has two components. One is due to the fact that we neglect the diabatic component and ′ ′ = u  q * 0. The other is the difference between time-mean and mass-weighted time-mean. The difference is due to the fact that ¢ ¢ p M x of Iwasaki (1989) is derived from the deformation of M * in the mass-weighted zonal mean zonal momentum equation, while ¢ ¢ p M x * is derived as the term which is equal to a product of vertical component of the group velocity and modified wave activity density. In our used small amplitude assumption, the difference between time-mean and mass-weighted time-mean of wind velocities corresponds to Stokes drift and is not negligible in the order of a 2 . However, the difference between time-mean and mass-weighted time-mean of all flux terms includ-
s are negligibly small in the order of a 3 . In addition, the difference of horizontal components of the wave activity flux between TEM and MIM is also negligible.
Comparison between wave activity fluxes in TEM and MIM equations
In this section, to examine the relation between 3D wave activity flux describing wave propagation in the log-pressure coordinates (Kinoshita and Sato 2013b ) and the flux derived in this study, we performed an analysis of European Centre for Medium-Range Weather Forecasts (ECMWF) Interim Re-Analysis (ERA-Interim) data.
Data description
The ERA-Interim data for 19 yr from 1990 to 2008 are used for the analysis. The time-mean field is obtained by applying a low-pass filter with a cutoff period of 60 days to the data. The disturbance components are extracted as residual of the timemean components with a band-pass filter with periods from 2 to 16 days. The climatological time-mean quantities over those 19 yr are calculated. As in the analysis of (Kinoshita and Sato 2013b) , the result is shown for 15 April, when the transient disturbances are strong in the Northern Hemisphere (Nakamura 1992; Sato et al. 2000) . It should be noted that the low-pass-filtered data for 15 April roughly corresponds to the data averaged over 30 days with a center at 15 April.
Comparison between two kinds of 3D wave activity flux
In this section, we focus on transient synoptic scales waves and regard westward wave activity density as positive. That is, the wave activity fluxes shown in figures of this study are identical to those of quasi-geostrophic version in both TEM and MIM equations. Figure 1 shows that latitude-pressure cross section of 3D wave activity flux derived in Kinoshita and Sato (2013b; left) ) derived in this study (middle) and their difference (right). The color shows the variances of the geopotential height (left) and Montgomery stream function (middle). Note that the wave activity flux in this study is calculated in isentropic coordinate at first and is replaced in the pressure coordinate. It is found that they are similar distribution for the directions and magnitudes in the upper levels than 800 hPa. The difference between two kinds of wave activity flux is found around 60 degree in the lower troposphere. The wave activity flux in the TEM equations is larger than that in this study. This result is similar to that of Tanaka et al. (2004) and is suggested that the small-amplitude approximation in the TEM equations is slightly broken in this region. Figure 2 is the same as Fig. 1 , but for the longitude-pressure cross section of the average in the latitude from 30° to 60°N. The two remarkable storm tracks are located from 150°E to 120°W and from 60°W to 0°. It is found that the large wave activity flux in the TEM equations is distributed around the upstream region of the storm tracks where the baroclinic instability waves are dominant (Fig. 2 (left and right) ). Thus, it is indicated that the 3D wave activity flux of MIM equations can express the finite amplitude nature of waves more precisely than that of TEM equations.
Summary and discussions
In this study, we formulated a 3D wave activity flux which is proportional to the group velocity in the mass-weighted isentropic time-mean equations. A unified dispersion relation for inertia-gravity waves and Rossby waves and the modified wave activity density were also formulated to relate the wave activity flux to the group velocity.
To examine the difference between the 3D wave activity flux in the TEM equations and that derived in this study, we used the ERA-Interim data and analyzed the transient disturbances, especially around the storm track region of upper troposphere in April. The two kinds of 3D wave activity flux are good agreement in the upper level than 800 hPa. In the middle troposphere, the 3D wave activity flux is larger than that derived in this study, especially around the upstream region of storm tracks. It is suggested that the difference is due to baroclinic instability waves which are better described by the 3D wave activity flux of the MIM equations than that of the TEM equations.
Finally, although the mass-weight time-mean flow of the MIM equations is approximately equal to the residual mean flow of the TEM equations, the wave activity flux describing wavemean flow interaction in the MIM equations is not identical to that of the TEM equations in three dimensions. Therefore, the 3D MIM equations derived from the stand-point of mean state will be formulated in the future. Fig. 1 . Latitude-pressure cross section of (left) zonal mean wave activity flux in the TEM equations, (middle) the flux in mass weighted isentropic timemean equations, and (right) the difference between the two kinds of wave acitivity flux.The color shows the variances of the geopotential height (left) and Montgomery stream function (middle). Fig. 1 , but for longitude-pressure cross section averaged in the latitudes from 30° to 60°N.
Fig. 2. As in
